EVEN LINKAGE CLASSES 



Scott R. Nollet 
December 13, 1994 

Abstract. In this paper the author generahzes the E and M-type resolutions used 
by Martin-Deschamps and Perrin [10] to subschemes of pure codimension in projec- 
tive space, and shows that these resolutions are interchanged by the mapping cone 
procedure under a simple linkage. Via these resolutions, Rao's correspondence is 
extended to give a bijection between even linkage classes of subschemes of pure codi- 
mension two and stable equivalence classes of reflexive sheaves E satisfying H\ (E) = 
and Ext^ (E"^ , O) = 0. Further, these resolutions are used to extend the work of 
Martin-Deschamps and Perrin for Cohen-Macaulay curves in to subschemes of 
pure codimension two in P". In particular, even linkage classes of such subschemes 
satisfy the Lazarsfeld-Rao property and any minimal subscheme for an even linkage 
class links directly to a minimal subscheme for the dual class. 



Introduction 

Much progress has been made in the area of hnkage theory for subschemes of 
P" over the past 15 years, but most of the work has dealt exclusively with locally 
Cohen-Macaulay (CM) subschemes. This is somewhat restrictive, since linkage 
applies more generally to equidimensional subschemes without embedded compo- 
nents. In particular, linkage techniques apply to integral subschemes, which need 
not be CM. The purpose of this paper is to extend several standard theorems for 
CM subschemes to the more general setting. 

In the first section, we generalize the £ and TV-type resolutions used by Martin- 
Deschamps and Perrin [10] to subschemes in P" of codimension ?- > 1. We show 
that the equidimensional subschemes of P" having no embedded components can 
be characterized by an algebraic condition on their f -type resolutions (see corollary 
1.10). For subschemes which are linked, we show that the mapping cone procedure 
[13, proposition 2.5] interchanges £ and TV-type resolutions for the two subschemes. 

It was a great discovery of Rao that the even linkage classes of locally Cohen- 
Macaulay codimension two subschemes of P" are in bijective correspondence with 
stable equivalence classes of vector bundles J- on P" which satisfy Hl{T) — [15]. 
In the second section of this paper, we extend Rao's correspondence to show that 
the even linkage classes of pure codimension two subschemes of P" are in bijective 
correspondence with stable equivalence classes of reflexive sheaves on P" which 
satisfy Hl{T) = and £xt^{T'^, O) = (see theorem 2.10). Since £xt\j^'^,0) = 
for any vector bundle J-', this gives a generalization of vector bundle. 
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Perhaps the most important theorem about even Hnkage classes of locally Cohen- 
Macaulay codimension two subschemes of P" is the fact that they satisfy the 
Lazarsfeld-Rao property (see [1]; the case of curves in was done in [10]). By 
replacing vector bundles with reflexive sheaves, the proof in [10] goes through with 
minor modifications (see theorem 3.26). The concept of domination is used to 
simplify the statement of the main theorem. 

The last two sections of this paper deal only with subschemes of codimension 
two. It would be interesting to know if Rao's correspondence (section two) can be 
generalized in some way via the resolutions used in section one. If this situation 
were better understood, then perhaps the methods of section four might be used 
to investigate whether the Lazarsfeld-Rao property holds for even linkage classes of 
subschemes of codimension > 2. 

I'd like to thank Robin Hartshorne and Juan Migliore for editorial suggestions, 
especially regarding the first section. I appreciate personal communications with A. 
P. Rao about the details of his work. Finally, I'd like to thank Martin-Deschamps 
and Perrin for their book [10]. The generality with which they handle the fourth 
chapter saved this author a great deal of work. 

Two Cone Constructions 

In this s(x;tion we genciralize the; f-type and TV-type resolutions for curves found 
in [10] to subschemes of pure codimension r in P" (in other words, equidimensional 
subschemes with no embedded components). We show in this broader setting that 
the mapping cone procedure [13, proposition 2.5] still works and interchanges these 
two types of resolutions for subschemes which are linked. Before getting on to these 
results we briefiy recall the definition of linkage and some of the first properties. 
The main reference for this is [7] , where the foundations of linkage theory have been 
rewritten in the more conceptual context of generalized divisors. 

Definition 1.1. Let Vi, V2 be subschemes of codimension r in P". We say that Vi 
is linked to V2 by the complete intersection X if X is a global complete intersection 
of codimension r containing Vi and V2 in such a way that 

Iv2,x^nom{Ov,,Ox) 

IvuX^nom{Ov„Ox) 

Proposition 1.2. Linkage enjoys the following properties: 

(1) IfVi is linked to V2 by the complete intersection X, then V2 is linked to Vi 
byX. 

(2) If Vi C P" is of pure codimension r and is contained in a complete inter- 
section X of codimension r, then there exists a, unique subscheme V2 C P" 
of pure codimension r such that V2 is linked to V\ by X. 

(3) IfVx is linked to V2 by X, then either both Vi and V2 are of pure codimension 
r m P", or one of them is empty. 

(4) IfVi is linked to V2, then V\ is locally Cohen-Macaulay if and only ifV2 is 
locally Cohen-Macaulay. 

Proof. Part (3) is proved in [12, proposition 4.2 (2)], and credited to Schwartau's 
thesis, although it was surely known before then. Parts (1), (2) and (4) can be found 
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in propositions 4.1 and 4.2 of [7]. In the latter paper, the definition of linkage is 
different, but is proved to be equivalent to tlie usual definition. 

Remark 1.3. Part (4) shows that linkage preserves the property of being locally 
Cohen-Macaulay. In the literature, many papers only apply linkage theory to locally 

Cohcn-Macaiilay schemes. The purpose of this paper is to generalize many of these 
results to subschcmes which are not locally Cohen-Macaulay. 

Definition 1.4. A sheaf on P" is called dissocie if it is a direct sum of line 
bundles. 

Definition 1.5. If F C P" is a subscheme of codimension r, then an £-type reso- 
lution for X is an exact sequence 

O^S^ Q^_i ^ Qr-2 ^ . . . ^ Qi ^ Ov ^ 0) 

such that Qi is dissocie for < i < r and Hl{£) = for < i < r. 

Remark 1.6. Note that any c;losc;d subscheme V C P" has an f-type resolution. 
This is most easily constructed by sheafifying a graded free resolution of /y, and 
letting £ be the kernel at the rth map. If Fi is the kernel of the map from Qi, then 
breaking the resolution into short exact sequence shows that for each < fc < r, 
the graded modules Hl{Fi+k) are all isomorphic for 1 < i < r — k. Thus the 
condition Hl{£) = fov < i < r is equivalent to the condition that Hl{Fi) = 
for 1 < I < r, which is equivalent to saying that applying to the resolution gives 
a resolution of graded 5- modules for /y . 

Remark 1. 1. Since F is a scheme of dimension n— r, the local depth of Oy is < n— r, 
hence the local cohomological dimension of Oy is always > r by the Auslander- 
Buchsbaum theorem. This shows that f 7^ 0. Also, £ is locally free if and only if 
V is locally Cohen-Macaulay, because both these conditions are equivalent to the 
condition that the local cohomological dimension of V is equal to r. 

Proposition 1.8. Let F C P" 6e a subscheme which is contained in a complete 

intersection X of r hypersurfaces of degrees {di}. Let G he an £-type resolution 
for V and let F denote the Koszul resolution for X. Then there is a morphism of 
complexes a: F ^ G induced by the inclusion Tx Iv, and the mapping cone of 
a'^{—J2di) gives a resolution for Ow, where W is the subscheme of X defined by 
Iw,x=nom{Ov,Ox). 

Proof. In the context of definition 1.5, we identify Go with O and Gr with £. 
By the observation made in remark 1.6, the condition Hl{£) = for < i < r 
is equivalent to the condition that applying to the resolution gives an exact 
sequence of graded S'-modules. In particular, we can find a morphism from the 
Koszul resolution of graded ^-modules to the £-type resolution, and sheafifying 
gives the desired morphism a. 

Now let d = '}2idi. Letting C be the mapping cone of a^{—d), we get a long 
exact homology sequence for the three complexes involved. From [5, III, proposition 
6.5] we know that £xt can be computed from locally free resolutions. It follows 
that Hi{F^ {—d)) = £xf{Ox,0). Since X is of codimension r, these £xts vanish 
for i < r [5, III, lemma 7.1], and hence the long exact homology sequence gives 
isomorphisms Hi{C) = Hi{G^ {—d) for < i < r and an exact sequence 

^ Hr{C) HriG^'i-d)) HriF^'i-d)) ^ Hr+l{C) ^ 
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Now let i be a dissocie resolution for Ov which agrees with G up to the (r — 
l)st step, so that L>r is a resolution for Gr = £, Lq = O and = Qi for 
< i < r. Clearly the morphism a can be factored through the complex L as 

F ^ L — > G. Since /3 is a morphism of locally free resolutions of Oy and Ox, 
the induced homology map Hr{ff^ {—d)) is the canonical map £xt^{Ov , 0){~d) 
£xt^{Ox,0){—d). Since the functor £xt^{*, 0){—d) on the category of Ojc-modules 
is isomorphic to the functor Hom{*, Ox), this map is identified with the inclusion 
nom{Ov,Ox) ^ nom,{Ox,Ox) and it follows that the map jy,.(L^(-d)) 
Hr{F^ {—d)) is injective and has Ow as cokernel. Thus, to finish the proof of the 
proposition, it suffices to show that the homology maps i?i(G^(— rf)) — > rf)) 
are isomorphisms for < i < r. 

For 0<i<r— litis clear that Hi{P^ {—d}) is an isomorphism, because (3 is 
an isomorphism in these degrees. For i = r — 1 and r, we have a fragment of the 
commutative diagram corresponding to 

> > > 



By our choice of L we have that the two vertical maps on the left are isomorphisms. 
Because L>r is a resolution for £ and dualizing is left exact, we see that f ^ is 
precisely the kernel of the map — » i^+i- follows from commutativity of the 
diagram that the homology maps iI(Q^_i) — > H{L)!_-^) and H{£) — > H{L'^) are 
isomorphisms. 

Remark 1.9. If we skip past the first paragraph, the proof above is local commuta- 
tive algebra. The local statement proved is as follows: Let {A, m) be a regular local 
ring and let / C ^ be an ideal which contains a regular sequence {ci} of length r. 
Let J be the ideal generated by the a^. If C is a resolution for A/ 1 of the form 

Q^E^ Fr-l Fr-2 . . . ^ Fi ^ A{-^ A/ 1 0) 

with Fi free, D is the Koszul complex for A/ J, and a is any morphism D ^ C 
induced by the map A/ J ^ A/ 1, then the mapping cone of gives a resolution 
for A/K, where K is the ideal containing J defined by K/ J = Hom{A/I, A/ J). 

Corollary 1.10. // F C P" is a subscheme of pure codimension r with £-type 
resolution as in definition 1.5 and V links to W via a complete intersection X of 
hyper surf aces with degrees summing to d and having Koszul resolution F, then W 
has a resolution 

^ Pr-i Vr-2 ^...^Vi^N^O^Ow^Q 

where Vr-i = QY{-d), Vi = Q^_,{-d) © F;f_^_^{-d) for 1 < i < r - 1 and 
Af = £^{-d)®F^_^{-d). 

Proof. In this case, the scheme W linked to V satisfies Tw,x — Tlom{Ov, Ox) by 
the definition of linkage. Hence it is the scheme W of the previous proposition. 
The mapping cone obtained in the previous proposition has form almost like the 
one given above, except that the summands 0^(— rf) at the left end have been split 
off (which is possible because the induced map is the identity). 
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Proposition 1.11. Let V (1 be a suhscheme which is contained in the complete 
intersection X of r hypersurfaces of degrees {di}. Let G be a resolution for Oy of 
the form 

^ Vr-l Vr-2 -^...^Vi^Af^ 0{-^ Ov 0) 

where Vi are dissocie. If F denotes the Koszul resolution for X, then there is a 
morphism a : F ^ G induced by the inclusion Ix — > • If W is the subscheme 
of X defined by Iw,x — 'Hom{Ov,Ox), then the mapping cone of the morphism 
a^{— di) gives a resolution of Ow if and only if £xt''{J\f, O) = for 1 <i < r. 

Proof. Let Ri denote the image of Pi under the maps for the rcsohition for Oy ■ We 
can break the resolution for Oy into short exact sequences (with dissocie sheaves 
in the middle). The long exact cohomology sequence shows that for each < i < r 
we have that Hl{Ri) = Hl~^{Rr-\), but Rr-i — Vr-i is dissocie, hence all these 
graded ^-modules are zero. It follows that when we apply to G we get an 
exact sequence of graded ^-modules. We can find a resolution for 7y consisting 
of free graded S-modules which maps surjectively to this exact sequence on each 
component. Sheafifying gives a dissocie resolution L for Oy which maps surjectively 
to the resolution that we started with. The inclusion of total ideals Ix C ly induces 
a morphism from the Koszul resolution of graded S'-modules for Ox to the graded 
free resolution II^{L). Thus we obtain a morphism a : ^ G of complexes which 
factors through L as 

F^L^G. 

Let d= J^'^i- Letting C be the mapping cone of a^(— d), we obtain a long exact 
homology sequence. As in the proposition 1.8 the fact that V is of codimension r 
shows that we have isomorphisms IIi{C) = Hi{G^ {—d)) for < i < r and an exact 
sequence 

^ Hr{C) Hr{G'^{-d)) Hr{F'^{-d)) ^ Hr+l{C) ^ 

Computing £xt from the locally free resolution L gives 

Hr{L'^{-d)) = £xf{Oy, 0){~d) = nom{Oy, Ox) 

and this last sheaf is isomorphic to 2w,x by definition of W . The map from this 
sheaf to Ox is the canonical inclusion because the functor £xf {*,0){—d) is nat- 
urally isomorphic to the functor 'Hom{*,Ox) on the category of Ox-modules. It 
follows that the mapping cone to a^(— rf) is a resolution for Ow if and only if the 
homology map II'^((3'^) is an isomorphism for < i < r. 

Now we compare the homology of and G^ . Let K be the kernel of the 
complex map f3. Since we chose L with Lq = O, we have Kq = 0. Now dualize the 
exact sequence of complexes to get a diagram 

^ > GY ^ G^ ^ . . . 



> Lq »■ I,^ »■ Z/2 



> R > 
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where R denotes the image of the morphism Li K^. For i > \, Ki is the kernel 
of the surjection Li Gi of bundles, hence the Ki are locally free and the ith 
column of the diagram is a short exact sequence. Clearly the first two columns 
are exact (the second is exact by the choice of R), so in fact all the columns are 
exact and we have an associated long exact homology sequence. Since G,; = (and 
hence Hi{G^) = 0) for i > r, this long exact sequence shows that Hi{l3^) is an 
isomorphism for < i < r if and only if the homology Hi of the bottom complex 
is zero for i <r. 

Noting that i? is a submodule of , H{R) = in any event. Since dualizing is 
left exact, we see that iJ(i4r^) = <J=> R = . By definition of i?, this happens 
<;=^ Li — > is surjective, but the cokernel of this map is just £xt^{N ,0), so 
H{K:i) = <s=^ £xt^{N,0) = 0. Finally, since Ki is the kernel of the map 
Xi — > A/" we see that 

. . . ^ ifa ^ ^ ii 

is a locally free resolution for TV. Since Ext can be computed from such resolutions, 
we see that Hi^K"^) ^ Exf-'^{N') for i > 1. It follows that HiiK"^) = for 
2 < i < r if and only if £xf{M) = Oforl<i<r — 1. Combining the conclusions 
of this paragraph shows that the homology Hi of the bottom complex is exact for 
i < r <=^ £xf{N) = for 1 < i < r. This proves the proposition. 

Remark 1.12. Again we have proved a local algebra result: Let (A, m) be a regular 
local ring, and let / be an ideal which contains a regular sequence {a^} of length 
r which generates the ideal J. Let K be the ideal containing J defined by the 
condition K/ J = 'H.om{A/I, A/ J), and let C be a resolution 

^ Fr-l Fr-2 -^...^Fi^N^ A{-^ A/ 1 -> 0) 

for A/ 1 with Fi free. If a is a morphism from the Koszul resolution of A/ J to 
C induced by the surjection A/ J ^ A/ 1, then the mapping cone of gives a 
resolution for A/K if and only if £xf{N, A) = for < i < r. 

Proposition 1.13. Let V CF" be of pure codimension r with £-type resolution 

0-^£^ Qr-i ^ . . . ^ Qi ^ 0{-^ Ov 0). 
Then £xt\£'^,0) = forO <i <r. 

Proof. The idea here is simple. Wo first use a complete intersection X to link V 
to another scheme W, and use proposition 1.8 to get a resolution for W. Then we 
use a carefully chosen morphism of complexes from the Koszul complex for Ox to 
this resolution, and compute the cone of the dual of this morphism. By the choice 
of morphism, we can cancel some redundant factors and are left with the f-type 
resolution that we started with. Applying proposition 1.11 to the resolution for 
Ow shows that £xf{£"^, O) = for < ?; < r. 

Proceeding as suggested above, let A be a complete intersection of r hypersur- 
faces of degrees di which links V to another subscheme W. Let F denote the Koszul 
complex for Ox-, so that F^^ = 0,Fi= (BO{-d.,,) and Fr = 0{- J2 di). By looking 
at the maps involved, it's easy to see that the dual complex is a Koszul resolu- 
tion for Ox <S) F^ . Let a denote the map of complexes from the Koszul resolution 
F of Ox to the f-type resolution of Oy- Dualizing a and applying the mapping 



EVEN LINKAGE CLASSES 



7 



cone procedure (proposition 1.8) gives a resolution for Ow 5? . This complex, 
along with a morphism of the (dual) Koszul complex for Ox <E> to this complex, 
is given in the diagram below. 

> QY © F^ > © F^ > . . . > F:;f 



^ Fr 

The differential on the mapping cone complex is given by the usual formula, namely, 

5{x,y) = {5{x),a{x) — S{y)). Given that this is the differential, it is easy to see 
that the diagram commutes if we take the morphism of complexes to be the second 
projection. Further, we can cancel off the redundant copy of and Fq on the left 

if we replace the vertical map from F^ to QY®F^ with the map F,^ = ^ Q^. 

Using this morphism of complexes, we apply proposition 1.11. We dualize the 
modified morphism of complexes. After removing all the double duals, we get a 
diagram 

Fr > £ © Fr-1 > . . . > Ql 



Fr > Fr-1 > ... > Fo 

Here the leftmost vertical map is the identity, the middle vertical maps are projec- 
tions from the second factor, and the rightmost vertical map is n. After cancelling 
off the extra summand of Fr that appears, the mapping cone takes the form 

^ f © Fr-1 Qr-1 © Fr-2 © i^r-l ^ ■ ■ . Ql ® Fi Fq 

The induced map on the summands Fi is the identity, so these can also be removed. 
Looking at the induced maps, we see that this is the complex for Ox that we 
started with. Since V is linked to W, we can apply proposition 1.11 to see that 
£xt\{£'^ © f;^_i) Fr,0) = for < z < r. Since F,y_i and Fr are dissocie, we 
conclude that £xf{£^, O) = for < i < r. This finishes the proof. 

Remark 1.14-- Put into the context of commutative algebra, the proof above yields 
the following result: Let A be a regular local ring, I (Z A an ideal such that all the 
associated primes to have height r. If 

Q^E^ Fr-1 Fr-2 ^ . . . ^ Fo{-^ A/I 0) 

is a resolution of A/ 1 with Fi free, then Ext'^{Hom{E, A), A) =0 for each < i < r. 

Definition 1.15. If C P" is a subscheme of codimension two, then an N-type 
resolution for Oy is an exact sequence 

^ Vr-l Vr-2 ^ ...Vi^Af ^ 0{-^ Ov 0) 

where Vi are dissocie, Af is reflexive, and £xf{Af, O) = for < i < r. 
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Corollary 1.16. Let V C P" he a nonempty suhscheme of codimension > r. Then 

V is of pure codimension r if and only ifV has an £-type resolution 

O^S^ Q^_i ^ Qr.-2 ^ . . . Qi ^ Ov ^ 0) 
such that £xt\£^,0) = forO <i <r. 

Proof. The previous proposition gives us the forward direction. For the converse, 

suppose that V has such a resolution. Since V has codimension > r, we can find a 
complete intersection scheme X which contains V. Letting a be a morphism from 
the Koszul resolution of Ox to the f-type resolution for X, we apply proposition 
1.8 to see that the mapping cone of rf) gives a resolution for W C X defined 
by ^w,x — 'Hom{Ov, Ox)- By our condition on £, we see that this is an AA-type 
resolution for W. 

Now we can apply proposition 1.11 to the resolution for W. If we use the 
morphism of complexes chosen in the proof of proposition 1.13, we get an £^-type 
resolution for a scheme V defined by Iv',x — 'Hom{Ow,Ox)- By choice of the 
morphism, wc see that the resolution can be simplified to agree with our starting 
resolution for V. It follows that V = V and that V and W are linked by the 
complete intersection X. In particular, V is pure codimension r. 

Remark 1.17. Again wc give the corresponding commutative algebra statement: 
Let {A, m) be a regular local ring, and let / C A be an ideal such that all the 
associated primes of A// have height > r. If 

Q-^E^ Fr-l Fr-2 ^ . . . ^ Fo(^ A/I 0) 

is a resolution of A/ 1 with Fi free, then all associated primes of A/ 1 have height 
exactly r 4=> Ext^{Hom{E,A),A) = for < i < r. This local version shows 
that the global version can be strengthened in the following way: if we only assume 
that the Qi are locally free, then V has pure codimension r <^=> £xt^{£'^ ,0) = 
for < z < r. 

Corollary 1.18. Let V CV" be a nonempty suhscheme of codimension > r. Then 

V is of pure codimension r if and only if V has an Af-type resolution 

^ Vr-l Vr-2 ^ ...Vl^M ^ 0{-^ Ov 0) 

such that Hi{U"^) =OforO<i<r. 

Proof. If V is of pure codimension r, we can link V to a. subschemc W of pure 
codimension r. If we use an ^-type resolution for W and apply propositions 1.13 
and 1.11, we get an A/"- type resolution for V as described in the corollary. 

Conversely, suppose that F C P" has an A/'-type resolution as described. Since 

V has codimension > r, we can find a complete intersection X which contains V. 
Let a be a morphism from the Koszul complex of Ox to the A/'-type resohition of 
V. Applying proposition 1.11, we see that the mapping cone of {—d) gives an 
f-type resolution for a suhscheme W C X defined by Xw,x — 'Hom{Ov, Ox). As 
in the proof of proposition 1.13, we can find a morphism from the Koszul complex 
of Ox to this f -type resolution in such a way that the cone of the dual morphism 
twisted by —d simplifies to the original J\f type resolution for V. It follows (as in 
the previous corollary) that V is linked to W, hence V is of pure codimension r. 
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Remark 1.19. In comparing the last two corollaries with the situation when V is 
locally Cohen-Macaulay, and hence has locally free resolutions of the two forms 
suggested, we see that reflexive sheaves £ such that £xf{£^,0) = for < i < r 
give a nice generalization of vector bundles, as do their duals, the reflexive sheaves 
TV such that £xt\M, O) = for < i < r. 

Rao's Correspondence 

In this section, we extend Rao's correspondence between stable equivalence 

classes of vector bundles and even linkage classes of Cohcn-Macaulay subschcmcs 
of codimension two. By specializing the results of the previous section to the case 
r = 2, we find that we can remove the Cohen-Macaulay hypothesis on the even 
linkage' classes if we use stable equivalence classes of reflexive sheaves £ such that 
Hl{£) = and £xt^{£^ ,0) = 0. Since only minor modifications are necessary, we 
keep the outline of Rao's proof [15] with few changes. 

Definition 2.1. The equivalence relation generated by linking is called liaison or 
linkage. If two schemes can be connected by an even number of linkages, we say that 
they are evenly linked and the corresponding equivalence relation is called biliaison 
or even linkage. 

Definition 2.2. Two refiexive sheaves £i and £2 on P" are stably equivalent if 
there exist dissocie sheaves Qi, Q2 and ft- e Z such that fi © Qi = £2{h) ® Q2- This 
is an equivalence relation among refiexive sheaves on P". 

Proposition 2.3. Let T he a reflexive sheaf on P", and let fl denote the stable 
equivalence class determined by J- . Let J-q be a sheaf in Q. of minimal rank. Then 
for each ^ e 0, there exists h gZ and a dissocie sheaf Q such that Q = To{h) ® Q. 
In particular, the elements of minimal rank are unique up to twist. 

Proof. Let be as in the statement, and let G be arbitrary. Since JTq and 
Q are in the same stable equivalence class, there exists h € Z and dissocie sheaves 
Qi, Q2 such that I'oih) ® Qi = Q ® Q2- Let ©(-a) be a line bundle summand of 
Q2 and write Q2 = 0(—a) ® Q'2 with QJ, dissocie. If wc twist the isomorphism by 
a and consider the map on global sections, we obtain a surjection 

H'^iJ^oih + a)) © H'^iQiia)) ^ H°{0) = k 

If the induced map H'^{J-Q{h + a)) k \s surjective, then the corresponding map 
.Fo(/i + a) — > O is a split surjection. If £ is the kernel, then £ ® O = !FQ{h + a) 
shows that J^o was not of minimal rank in 17, a contradiction. It follows that the 
induced map zero, and hence the map H^{Qi{a)) ^ k \s surjective. This shows 
that the induced map Qi 0{—a) is split surjective, and if Q'^ is the kernel, then 
we can split off 0{—a) from the original isomorphism to get 

J'oih) © Q'l ^ a © Q2 

Continuing in this fashion, we can split off all the summands of Q2 to obtain an 
isomorphism Q = J^o{h) ® Q as in the proposition. 
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Proposition 2.4. There is a well-defined map $ from even linkage classes of pure 
codimension two subschemes off" to stable equivalence classes of reflexive sheaves 
£ such that Hl{£) = and £xt^{£^ ,0) = 0. This map is given by taking X to the 
last sheaf in an £-type resolution for X. 

Proof. The map has been given above. It is elear from the definition of f-type 
resolution and proposition 1.13 that the image of $ consists of reflexive sheaves 
£ satisfying Hl{£) = and £xt^{£^ ,0) = 0. We need only show that it is well- 
defined. For this, assume that Xi,X2 are in the same even linkage class. We can 
get from one to the other by an even number of links. If Xx has an £-type resolution 

^ ^ Qi ^ Ox, ^ 0) 

then by applying the cone construction an even number of times, we get a resolution 
for X2 of the form 

^ £i{h) ®V2^Q2^ Ox, ^ 0) 

where 7^2 and Q2 are dissocie. Clearly £\ and £\ {h) © are in the same stable 
equivalence class, so it suffices to show that if X2 has a second 5-type resolution 

then T is stably equivalent to £i{h) © ^2- 

For this, we add the map Q2 Ix, to the resolution involving J^, we obtain a 
commutative diagram 

> T > Q > Ix, ^ 

> K > Q © Q2 > ' 



Q2 ^ Q2 

where the columns and rows are exact. Since Hl{T) = by assumption, the 
map H^{JC) H^(Q2) is surjective. Since Q2 is dissocie, it follows that the map 
JC ^ Q2 is split surjective, whence /C = ^ffi Q2. Applying the same argument to 
the other resolution of Ix, shows that K = £\ (h) ® ^2 © Q, so that 

J^®Q2 = £i{h)®V2®Q 

which finishes the proof. 

Lemma 2.5. Let X c P" 6e a subscheme of pure codimension two having an 
Af-type resolution 

O^V^Af^Ix^O 

with HKM"^) =0. IfAf^Af'® 0{-p), then there exists a subscheme X' in the 
even linkage class of X which has a an M-type resolution of the form 

O^V ^ N'{d) ^ Jx' ^ 
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for some G Z. 

Proof. First note that £xt^ [M' .O) = 0, because Ext respects direct sums. More- 
over, the fact that duahzing respects direct sums shows that Af' is reflexive. These 
two facts show that it is at least possible to have an TV-type resolution involving 
N'. 

Let s S H^{J\f{p)) be a nowhere vanishing section corresponding to the summand 
0{—p) of Af and let a : M{p) ^ O be a fixed splitting of s (The quotient oi N{p) 
by s is I\f'{p)). Let / be the image of s in Ix- As in [14, proposition 1.11], we 
consider two cases. 

If / = 0, then the map tt factors through TV', let tt' : TV' ^ Ix be the induced 
surjection. Let V be the kernel of tt'. This gives a commutative diagram 

> V > TV' > Ix > 

^ V ^ TV' e 0{-p) ^ Ix ^ 

1 1 1 

> 0{-p) > 0{-p) > 

Since the map of graded modules H^{N'') © H^{0{—p)) — > Ix is surjective and 
the induced map H^{0{—p)) Ix is zero, the induced map II^{Af') Ix is 
also surjective. Since we also have an isomorphism Hl{N') = Hl{Ix) (both are 
isomorphic to Hl(M)), we see that IIl{V) = 0. The snake lemma shows that 
the vertical exact sequence on the left is exact. Since V is dissocie, this sequence 
shows that Hl{V') — for 2 < i < n. Combining with the previous observation, 
we see that all the middle cohomology of V vanishes. Applying [4, lemma 6.3], we 
conclude that V is dissocie. This finishes the case / = 0. 

If / 7^ 0, then it gives the equation of a hypersurface S of degree s which contains 
X. Let T be another hypersurface (of degree t) which meets S properly. If we use 
this complete intersection to link X to W, then by proposition 1.11 we have an 
exact sequence 

^ Af'i-s -t)^ V^{-s -t)® 0{-s) e 0{-t) -^Iw^O 

where the composition of the first map and projection to 0{—t) is precisely the 

map TV^ C(p) tensored by 0{—s — t), which is surjective because the section is 
nowhere vanishing. Now we can form a surjective morphism of exact sequences 

> TV^(-s-t) > V''{-s-t)®0{-s)®0{-t) > Iw^O 



> 0{-t) ^ 0{-t) ^ 

Applying the snake lemma gives an exact sequence of kernels 

^ ^'''{-s -t)^ P^(-s - i) e 0{-s) ^Iw^O 

We can choose a pair of equations in Iw which are images of generators of two of 
the line bundle summands in ■p^(— s — t) ® 0{—s) and give hypersurfaces S', T' of 



12 



SCOTT R. NOLLET 



degrees s',t' which meet properly. If we apply proposition 1.8 we get a resolution 
for the subscheme X' linked to W by S'dT'. Because of our choices of hypersurface, 
we can split off the two line bundle summands corresponding to the equations of 
S' and T', which leaves an Af-type resolution for X' with just J\f'{s + t — s' —t') in 
the middle. 

Remark 2.6. Comparing with [14, proposition 1.11], we see that the statement 
here is somewhat weaker, as the section of M considered is split instead of merely 
nowhere vanishing. The reason is that the case / = in Rao's proof is flawed, 
but weakening the hypotheses allows the proof to be repaired. Fortunately, the 
weaker statement is still enough to prove proposition 2.8, so Rao's theorem is not 
compromised. 

Lemma 2.7. Let M be a, reflexive sheaf such that Hl{M'^) = and £xt^{M, O) = 
0. Let U Cf" be an open subscheme whose complement has codimension > 2. // 
Y cU is a closed subscheme of codimension two (or empty) which has a resolution 
of the form 

with V dissocie, then there exists a subscheme y C P" o/ pure codimension two 
which agrees with Y on U and has a resolution 

In particular, if the codimension of the complement of U is > 3, then Y is the 
scheme-theoretic closure ofY in P". 

Proof. Let j -.U — > P" be the inclusion. Since both P and M are reflexive, we see 
from [6, proposition 2.5] that j*{Pu) = 'P and jt^iAfu) = Af- The left exactness of 
J* gives an exact sequence 

O^P^Af^MlY,u{t)). 

The left exactness of shows that j^{TY,u{t)) is a subsheaf of 0{t), so we get an 
exact sequence 

O^P^Af^ lyit) 

where F is a closed subscheme which agrees with Y on U. By corollary 1.18, 
this exact sequence shows that Y is of pure codimension two. It follows that Y 
is as well. If the complement of U has codimension > 3, then Y can only be the 
scheme-theoretic closure of Y (because U must contain all the generic points of 
each). 

Proposition 2.8. Let Xi,X2 C P" be two subschemes of pure codimension two 
having Af-type resolutions of the form 

^ eJ=iO(ai) A JP(a) ^ ^ 

with Hl[J^^) = 0. Then Xi,X2 belong to the same even linkage class. 

Proof. If .F is dissocie, then both Xi and X2 are Arithmetically Cohen-Macaulay 
and we are done, so we may assume that is not dissocie. In this case, proposition 
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2.3 shows that we can spht off hne bundles from T until we obtain a representative 
for the stable equivalence class for T of minimal degree. Applying lemma 2.5 
repeatedly allows us to replace X\ , with representatives from their respective 
even linkage classes which have resolutions as above involving J^q. Thus we reduce 
to the case where T has no line bundle summands. 

Now the proof is identical to Rao's proof (with one slight change) of the corre- 
sponding lemma for locally free sheaves [15, Icnuna 1.6], which we repeat for the 
reader's convenience. The maps a and (3 are described by two sequences {,s,} and 
{ti} of global sections of various twists of J^. We will assume that Si = ti for 
i < j < r and show how to replace Xi,X2 with subschemes with resolutions in 
which we have Sj+i = tj+i . 

For this, we can find general sections ri,r2 of J-{p) for p >> whose images in 
Ixi give rise to independent hypersurfaces and S12 containing Xi and whose 
images in gi'^s rise to independent hypersurfaces and 5*22 containing X2. 
Using these hypersurfaces, we link Xi to Yi and X2 to l2- By proposition 1.11, Yi 
has an £-type resolution 

^ jrV(a _ 2p) ®V^-^0{2a -2p- a^) 0{a - pf ^ly^^O 

where the restriction of the first map to the summand ©0(2a — 2p — a,) is the dual 
map to a. By our initial reduction, none of the sections Sj of can be split off. 
Consider the induced map 0{2a — 2p — aj+i) Iy^ ■ If this map is zero, then the 
map induced map H^{0) H^{Iyi {—2a + 2p + aj+i)) is clearly zero. Twisting the 
sequence above by —2a + 2p + Oj+i, we see that the map H°{T^{—a + aj+i)) 
H°{0) is surjective, and we deduce that the induced map J^^ {—a + a^+i) — > O is 
a split surjcction. It follows that the section £)(— aj+i) — > J^(a) is also split, which 
contradicts our original reduction. 

It follows from the above paragraph that the map 0(20 — 2p — a^+i) ly^ is 
nonzero and hence defines a hypcrsurfacc Ti containing Yi. Similarly the image of 
0{2h — 2p — bj+i) in Xy^ gives a hypersurface T2 which contains Y2. If we replace 
the sections ri,r2 with a general linear combination In + mr2, hr\ + kr2, we will 
get new pairs of hypersurfaces containing Xi , X2 which form the same complete 
intersections fl 512 and S21 n 822- If we replace ri, r2 with a sufficiently general 
linear combination, the corresponding hypersurface 5ii (respectively ^21) will meet 
Ti (respectively T2) properly. We use the corresponding complete intersection S'lifl 
Ti (respectively S21 (1X2) to link Yi (respectively I2) to Xj (respectively X2). 

By corollary 1.10, we obtain a resolution 

^ (Bi^j+iO{ai—aj+i+a—p)(BO{2a — 2p~aj+i) T{2a—p — aj+\) Ix^ ^0 
where the map is given by the sequence 

{si,...,Sj,Sj+2,---,Sr,-ri} 

and we have effectively replaced sj+i with n. The analogous statement holds for 
the resolution of Xj. We repeat this process until we obtain subschemes 
in the respective even linkage classes of Xi , X2 such that the there are A/'-type 
resolutions with maps a* , /3* which give the same sections of J^. On the open set U 
where is locally free, we see that X* = X| because the ideals of both are given 
by the maximal minors of a* — f3* . Now apply lemma 2.7 to sec that X^ = X|. 
This shows that Xi is evenly linked to X2, proving the proposition. 
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Corollary 2.9. The map $ from proposition 2.4 is injective. 
Proof. Suppose that two schemes Yi , Y2 have ^-type resolutions 

where £1 is stably equivalent to £2- By adding some extra summands we may 
assume that £1 = £2 {d) for some d €Z. If we choose two equations in each of the 
ideals which come from generators for line bundle summands of Qi and define 
hypersurfaces which meet properly, then we can link Yi , Y2 via these hypersurfaces 
to Xi,X2. Using proposition 1.8 we get TV- type resolutions for the Xi, and by our 
choice of hypersurfaces, we can split off the pair of summands corresponding to the 
hypersurfaces used for the linkage. In this case, we get Af-type resolutions as in the 
lemma, and hence we can conclude that Yi , Y2 are in the same even linkage class. 

Proposition 2.10. The map $ from proposition 2.4 is surjective. 

Proof. Once again we follow Rao's proof. Let £ be a reflexive sheaf such that 
Hl{£) = and £xt\£'^,0) = 0, and let M = £^ . The set where M fails to be 
locally free is closed of codimension > 3. Let U be the open complement of this set 
with inclusion map 7 : [/ ^ P". 

If we choose p large enough that N{p) is generated by global sections, then N{p)u 
is still generated by the same global sections. By quotienting out by nowhere 
vanishing sections, we obtain a quotient bundle M of rank r < n which is still 
generated by global sections. Now we can apply [8, theorem 3.3] to see that a 
general set of r — 1 sections {si}\zl of M. will have a degeneracy locus Y of pure 
codimension two (on U). The generators of ly arc locally given by the image of 
A''" ^7, where 7 : C"~^ — > tVJ is the map determined by the sections Si. It follows 
that Y is locally Cohen-Macaulay with resolution 

^ 0\j-^ -^M-^ TY,u{t) -> 

for some twist t. Since the kernel of the map M{p)u — > M. was 0\j, where / is the 
difference in rank between N and M., we obtain an exact sequence 

^ ^ M{p)u - Ty,u - 0. 

Now we apply lemma 2.7 to obtain an exact sequence 

where Y is of pure codimension two and in fact the scheme-theoretic closure of Y . 
If we link Y to another subscheme X, proposition 1.11 shows that X has an £^-type 
resolution with last step a twist of £. This shows that $ is surjective. 

Theorem 2.11. The even linkage classes of codimension two subschemes in P" are 
in bijective correspondence with the stable equivalence classes of reflexive sheaves £ 
on P" satisfying Hl{£) = and £xt^{£'^,0) = 0. 
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Corollary 2.12. The even linkage classes of codimension two subschemes in P" 
are in bijective correspondence with the stable equivalence classes of reflexive sheaves 
Af on P" satisfying HKAf^) = and Ext^{Af, O) =0 by taking the middle sheaf of 
an Af-type resolution. 

Proof. This is evident from applying the mapping cone procedure to 5-type reso- 
lutions in the dual class. 

Remark 2.13. In view of proposition 2.3, the stable equivalence classes of reflexive 
sheaves are classified (up to twist) by certain reflexive sheaves which have no line 
bundle summands. If we think of stable equivalence classes as being determined 
by a sheaf of minimal rank, we see that via 5-type resolutions, the even linkage 
classes of codimension two subschemes are in bijective correspondence with the set 
of reflexive sheaves £o which have no line bundle summands and satisfy HI{£q) and 
£,xt'^{£^ , O) = 0, up to twist. In this case we will say that the even linkage class C 
corresponds to the stable equivalence class [Sq] via f -type resolutions. Similarly, the 
even linkage classes of codimension two subschemes are in bijective correspondence 
with the set of reflexive sheaves TVo which have no line bundle summands and 
satisfy HKAT^) = and £xt^{Af, O) = 0, up to twist. In this case we say that the 
even linkage class C corresponds to the stable equivalence class [TVq] via A/'-type 
resolutions. 

Remark 2.14- A little checking shows that proposition 2.4 generalizes to codimen- 
sion r. In other words, by using the 8 in the f-type resolution, we get a well-defined 
map from even linkage classes to stable equivalence classes of rth syzygy modules. 
This map is not a bijcction in the case when r = n, so Rao's correspondence does 
not extend to higher codimension without adaption. 

The Lazarsfeld-Rao Property 

Definition 3.1. Let X C P" be a subscheme of pure codimension two. Let S be 
a hypersurface of degree s which contains X and let /i > be an integer. We say 
that Y is obtained from X by a basic double link of height h on S if there is a 
hypersurface H of degree h, a hypersurface T and a subscheme Z such that X is 
linked to Z by 5 n T and Z is linked to Y hy S n {T U H). 

Definition 3.2. Let X,X' be subschemes of pure codimension two in P". We say 
that X' dominates X at height h > if X' can be obtained from X by a sequence 
of basic double links with heights summing to h, followed by a deformation which 
preserves cohomology and even linkage class. In this case we write X <h X' , or 
simply X < X' if h is not specified. 

We will show that domination is transitive and hence defines a partial ordering 
on an even linkage class. Moreover, we will characterize domination in terms of the 
jV-type resolutions discussed in section 2. 

Lemma 3.3. Let £ Qhe an infective morphism of reflexive sheaves of the same 
degree on P", where £ has rank r and Q has rank r + 1. Assume that £ and Q 
satisfy one of the following sets of conditions: 

(1) Hl{£) = 0, £xt^{£^, O) = and Q is dissocie. 

(2) HIIq"^) = 0, £xt^{Q,0) = and£ is dissocie. 
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Then the following are equivalent. 

(1) The cokernel of cf) is isomorphic to the ideal sheaf of a subscheme of pure 
codimension two. 

(2) The cokernel of (j) is torsion free. 

(3) The complex 

is exact. 

Proof. First a word of explanation about the complex from condition (3). We have 
an isomorphism Q = (A''Q)^ ® A^'^^Q because these are isomorphic on the open 
set U whose complement has codimension > 2 and both sides are reflexive. Since 
both Q and £ have the same degree, (A'"f )^ (g) A''+^Q = O which shows explains 
the map {A^ipY ® 1. To see that the sequence of condition (3) is a complex, first 
note that this holds on the open set U. li j : U ^ P" is the inclusion map, then 
applying to the sequence on U gives the sequence from condition (3) because all 
three sheaves involved are reflexive. Since is a functor, the resulting sequence is 
a complex. 

Now we may write the image of (A*"^)^ (g) 1 as T{—a), where I is the ideal sheaf 

of a subscheme in P" of codimension > 2 and a > 0. Letting £' be the kernel of 
the induced map Q — > I{—a), we have a commutative diagram 

> £ > Q > cok(l> > 



> £' > Q > X{-a) > 

where the rows are short exact sequences. Clearly the cokernel of the inclusion 

f — > 5 is a torsion sheaf, which is isomorphic to the kernel of the surjcction 
cokcj) — > T{—a) by the snake lemma. Now we show the equivalence of the conditions. 

(1) ^ (2) This is trivial. 

(2) =^ (3) Since the cokernel of </) is torsion free, the torsion sheaf £/£' must be 
zero, when the complex of (3) is exact. 

(3) ^ (1) If the complex is exact, then the cokernel of (j) is an ideal sheaf. The 
associated short exact sequence; shows that the degree of this ideal sheaf is zciro, 
hence the subscheme Z that it defines is of codimension > 2. Now in either of the 
cases (1) or (2) given above, we can apply either corollary 1.18 or corollary 1.16 to 
see that Z is of pure codimension two. 

Lemma 3.4. Let X —>Y be a morphism of schemes, and letO—^A^B—*C—>0 
be a complex of sheaves on X. Assume further that both B and C are flat over Y . 
If y = f{x), then the set 

{x G X -.0 ^ k{y) Ex® k{y) — > k{y)is exact} 

is open in X. 

Proof. Let I and J denote the image and cokernel of the map A ^ B. Since 
the sequence of the lemma is a complex, it can be factored as in the following 



EVEN LINKAGE CLASSES 



17 



commutative diagram: 

A 

1 

> / > B > J > 



C 

This diagram remains exact when we locahze at x. Applying the right exact functor 
®k{y), we see that the sequence 

A^® k{y) ^ B^® k{y) -^C^® k{y) 

is exact if and only if the maps A^ ®k{y) B^® k{y) and ® k{y) Cx® k{y) 
are injective. Since B and C are both flat over F, the set of x G X such that both 
these maps are injective is open by [3, IV, corollary 11.3]. 

Corollary 3.5. LetX he a proper flat morphism of noetherian schemes, and 

/eiO— >C— >0 be a complex on X with B and C locally free. Then the 
set 

U = {yeY: 0-^A® k{y) ^ B® k{y) ^ C ® k{y)is exact] 
is open in Y . 

Proof. Let y e Y. Then y <E U ii and only if the sequence ^ A^ ® k{y) — » 
Bx ® k{y) ^ Cx® k{y) is exact for each x £ f~^{y). This condition is open on X 
by the previous lemma, because both B and C arc flat over Y in this case. If j/ g C/, 
then we can find an open set Vx for each x G f^^{y) giving the exactness condition. 
Since f^^{y) is noetherian, a finite number of these open sets cover f~^{y), call 
them {Vi}". Since / is proper, the set f{X — UVi) is closed in Y and avoids y. 
Hence there is an open neighborhood W ofy which also avoids the set f{X — UVi). 
Since for any w gW we have that f~^{w) C UVi, we see that W CU. This shows 
that U is open. 

Lemma 3.6. Let £ be an even linkage class of subschemes of pure codimension 
two in P". Let X,Y G C such that h'ilxin)) = /i*(Zy(n)) for all n el and i > 0. 
Then there exists an irreducible flat family of subschemes {Xs}seS with constant 
cohomology from C to which X and, Y belong. 

Proof. Since h^{Ix{n)) = /?,"(Jy(n)) for all n, we can find a graded free module 
Q with surjections Q Ix and Q ^ ly- Sheafifying gives S-type resolutions 

O^Sx-^Q^Xx^O 

where the kernels £x and Sy arc stably equivalent by theorem 2.11. If we write 
SxO'Pi — £y {d) © 7^2 , we consider two cases. If all the middle cohomology of both 
of these sheaves is zero, then £x and Ey are both dissocie. In this case, the fact 
that h^{Tx{n)) = h^{Ty{n)) for all n shows that £x = £y. If some of the middle 
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cohomology is nonzero, then the fact that h^{Xx{n)) = h'^{lY{n)) for 1 < i < n — 1 
shows that d = Q. In this case we can add V\ to the first sequence and 1^2 to 
the second sequence to get new f-type resolutions in which the leftmost sheaves 
are isomorphic and the middle dissocic sheaves are Q ® Pi and Q®V2- Since the 
cohomology of the middle sheaves must be the same and they are both dissocie, we 
see that they must be isomorphic. In either case, we obtain f-type resolutions 

for X and Y which involve the same sheaves (but possibly different maps). 

Now let U be the subset of P" where £ is locally free. By [6, corollary 1.4], the 
codimension of the complement of ?7 is > 3. Let V denote the parameter space 
for all homomorphisms (j) : £ Q. Then if p : P" x 1/ ^ P" is the natural 
projection, there is a universal homomorphism (j) : p*£ — > p*Q. On the open subset 
[/ X V c P" X y we have the complex 

Q^p*£±. p*Q p*0 ^ 

If j is the inclusion map for this open subset, applying j^, extends the complex 
to all of P" X y. By the preceding corollary, the set Vi of v £ V such that 
p*£ ® k{v) p*Q® k{v) p*0 (8) k{v) is exact is open. Moreover, the 
morphisms corresponding to X and Y show that Vi is nonempty. Since V is smooth 
and irreducible, so is the nonempty open subset Vi . V\ gives a family of subschemes 
Xy with exact sequences 

^ £ ^ Q ^ O ^ Ox,, ^ 

which specialize to X and Y . These subschemes are of pure codimension two by 
lemma 3.3. Theorem 2.11 shows that they all lie in C, which proves the statement 
of the lemma. 

Definition 3.7. If / : Z ^ N is a fimction such that f{n) = for n « 0, then 

we define the function by /"^(a) = X]n<a fi^)- 

Remark 3.8. We will be interested in comparing two such functions which have 
finite support and satisfy /(") — this case, let {aj} and {hi] be 

the sequences of integers defined by the conditions /'^(oj — 1) < i < ^^{ai) and 
g'^ibi — !)<«< g'^{hi). These are the unique nondecreasing sequences that satisfy 
f{n) = #{?; : a, = n} and g{n) = #{i : h = n}. Note that #{a,} = E/(") = 
^g{n) = #{6j}. Now an elementary calculation shows that > g'^{n) <^=> 

< bi for each i. This characterization will be used in the next proposition. 

Proposition 3.9. Let X, F c P" be subschemes of pure codimension two having 
Af-type resolutions 

^ ®0(-n)''(") Ix{hi) 

^ eO(-n)^(") ^ ^ ^ Xy(/i2) ^ 
such that HliAf^) = 0. Then X <Y ^ r* > s* . 

Proof. Suppose that X <Y . First we show that tlica'c; exist 7V-typc resolutions as 
above. If Y is obtained from X by a basic double link of type (s, h) and X has an 
A/'-type resolution 
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then Y has an Af-type resolution of the form 

^ T' e 0{-s) ^ AT e 0{-s + h)^ Ivih) 0. 

If we add the summand 0{—s + h) to both terms in the resolution for Tx, we see 
that the dissocie part becomes V ® 0{—s + h). Comparing this to P ® ©(— s), we 
see that > s"^ for this case. The same argument shows that if we do a sequence 
of basic double links to get from X to y, then we can find such resolutions of X 
and Y. 

Now we assume that X <Y that Y can be obtained from X by a sequence of 
basic double links followed by a deformation which preserves cohomology and even 
linkage class. Let Z be the subscheme obtained from X by the sequence of basic 
double links, so that we can write sequences 

^ e0(-n)''(") ^ AT ^ ^ 

^ ©0(-n)'*(") ^ TV ^ Xz{h) 

with r'^ > s"^ . Let Y be obtained from Z by a deformation which preserves 
cohomology and even linkage class. Since Y is in the same even linkage class as X, 
we can obtain Y from X by an even sequence of links. Applying the mapping cone 
procedure, we get a resolution for Y of the form 

where V, Q are dissocie (if some of the middle cohomology of J\f is nonzero, it's 
clear that the twist h is the same for both Z and Y. If all the middle cohomology 
vanishes, then TV is dissocie and it's also clear that we can use the same twist h for 
both Z and Y). Add the dissocie sheaf Q to the TV-type resolutions for X and Z 
above. With these new resolutions, we still have the inequalities rf > sf, where 
©0(-n)"i(") ^ ©©(-n)*^") ® Q and ®0(-n)''i(") = ®0(-n)''(") ® Q. Further, 
the fact that the cohomology of Y and the cohomology of Z are the same shows 
that V = ®0(— n)*i^"\ This proves that there exist sequences as in the statement 
of the proposition. 

To see that the inequalities must hold for any such TV-type resolution, we show 
that they are independent of the TV-type resolution chosen. Since the TV's are stably 
equivalent, it suffices to show this assuming that the TV's differ by a single line 
bundle 0(— a). This is clear because in adding this line bundle the corresponding 
functions r*(n) and s*(n) are both increased by 1 for all n > o to get the new 
functions rf and sf . It follows that > rf > sf . 

Now assume that X and Y have such TV- type resolutions. We wish to show that 
X < Y. This is essentially [10, IV, lemma 5.2]. We give a slightly different proof 
here. Rewrite ®0(-n)^(") = eO{-a,) and ffiO(-n)"("^ = ®C'(-&0 with the a, 
and bi nondecreasing. By the preceding remark, we have that Oj < 6j -^=^ r* > 
s*. Let h = ^bi — ^ai By looking at Chern classes, we can see that h = h2 — h\. 
I'll first show by induction on h that there exists a scheme Y' which is obtained 
from X by a sequence of basic double links which has the same cohomology and 
Rao modules as Y. For the induction base case /i = we have = bi for all i and 
hence r = s, when the exact sequences show that hP{Ix{n)) = h^{lY{n)) for all n 
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and that the higher Rao modules of X and Y agree, so taking a basic double Unk 
of height will do (in other words, take Y' = X). 

Now consider the case where /i > 0. Let n = max{i : bi > a^} so that Ui = bi for 
i > n. We claim that hP{Ix{hi + n)) ^ 0. From the exact sequence for Ix, we see 
that 

h\lx{hi + n)) = /i°(AA(n)) - ^ - a^)) 

ai<n 

but this is strictly greater than 

h°{Af{n)) - J2 h'^mn - bi)) = /i°(Jr(/i2 + n)) > 

hi<n 

and this proves the claim. This allows us to obtain a new scheme X\ from X by a 
basic double link of type [hi + n,bn — an)- Xi has a resolution of the form 

^ ®0{-ai) e 0{-bn) -^Af® 0{-an) Ix^ {hi + 6„ - a„) ^ 

If we add an extra line bundle summand C'(— a„) to the resolution for Y we get 

®0{-bi) © 0{-an) ^ TV © 0{-a„) -> ly (/12) 

If wc reorder the summands of these, wc find that the inequalities still hold. If we 
sum the differences, we find that the new value of /i is /i — 6„ + a„ < h, so we can 
apply the induction hypothesis to obtain a subscheme Y' which is obtained by a 
sequence of basic double links from Xi and has the same cohomology and higher 
Rao modules as F. It follows that Y' can be obtained from X by a sequence of 
basic double links. Now we can apply lemma 3.6 to see that Y' can be deformed 
with constant cohomology and even linkage class to Y. Thus X <Y. 

Corollary 3.10. Domination is transitive. In particular, it defines a partial or- 
dering on an even linkage class C. 

Proof. If X <Y and Y < Z, then we can find A/"- type resolutions as in proposition 
3.9. Using the stable equivalence of the reflexive sheaves in the middle, we can add 
line bundle summands to the three resolutions to obtain exact sequences 

^ ®e>(-n)''(") ^Af^Ix^O 

^ ©©(-n)"*") -> ^ Irihi) ^ 
^ ©0(-n)*(") ^ A/" ^ Iz{h2) 

with > and > t*. It follows that > i*, so proposition 3.9 shows that 
X <Z. 

Definition 3.11. Let C be an even linkage class of subschemes of pure codimension 
two in P". We say that C has the Lazarsfeld-Rao property if £ has a minimal element 

with respect to domination. 

Remark 3.12. In view of the definition of domination and the fact that domination 
is a partial order, this definition is equivalent to the usual definition used in [10] or 
[2]. 
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Remark 3.13. In view of proposition 3.9 we can try to produce minimal subschemes 
for an even linkage class L by finding injections n)''^"^ ^ N whose cokernel 

is a twisted ideal sheaf of a subscheme of pure codimension two (AT is in the stable 
equivalence class corresponding to the 7\A-type resolutions) such that the function 
is as large as possible. Specifically, it would be ideal to have a function q associated 
to the reflexive sheaf M such that there exists an injection ri)'?^") — > A/" as 

above and has the property that if ©0(— n)''^"^ ^ A/" is another such injection, then 
in) < (n) for each n^'L. Martin-Deschamps and Perrin have already carried 
out this work in the case when A/" is a vector bundle on P^. Fortunately, their results 
about injections ©0(— n)'"*^") ^ M are stated for the case when M is only a torsion 
free sheaf on and their proofs work on P". In particular, their solution applies 
to the reflexive sheaves N that come from TV-type resolutions. What follows is a 
brief summary of their results, stated in the generality in which their proofs hold. 

Definition 3.14. Let S C A be an inclusion of O-modules. We say that B is 
maximal in A if for each O-module B' having the same rank as B and satisfying 
B C B' C A we have B = B'. 

Proposition 3.15. Let B c A be an inclusion of O -modules, where B is locally 
free and A is torsion free. Then the following are equivalent: 

(1) B is maximal in A. 

(2) A/B is torsion free. 

(3) A/B is torsion free in codimension one. 

(4) A/B is locally free in codimension one. 

(5) A/B has constant rank in codimension one. 

(6) A/B is locally a direct factor of A in codimension one. 

Proof. See [10, IV, proposition 1.2]. In fact, their proof shows that these are equiv- 
alent if B is only reflexive. 

Definition 3.16. Let TV be a torsion free sheaf on P". Let ©^(-n)''") ^ i?°(TV) 
be a minimal graded surjection of S-modules. This defines the function Iji/ = I. 
Sheafifying this surjection defines the map a : 

eO(-'«)'^"^ ^ -^^ For a e Z, the 
map (To is defined by restricting a to ®n<aO{—ny^"'h 

Remark 3.17. For each a G Z, Ua is well-defined up to a choice of basis for 
®n<aO{—ny^"'^ and hence the image of cto (which is denoted by TV<a in [10]) de- 
pends only on a. The function I = Ij^ could have been defined by the formula 
l{n) = dimk{N Os fc)„, where N = H^{M). 

Definition 3.18. Let TV be a torsion free sheaf on P" and let aa be as in definition 
3.16. Then we define 

aa = rank {a a) 
(3a = infoirankiaalo)) 

where this infimum is taken over all integral divisors D. We always have the 
inequalities 

0<f3a<aa<l*{a) 

and we define gq = sup{a E Z : aa = Pa = l"^ (a)} if this exists, otherwise ao = oo. 
We also define ai = inf{a & Z : aa = Pa = rank{J\f)}. 
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Definition 3.19. Let be a torsion free sheaf on P". Then we define the function 

q = qj^ hy 

(1) q{n) = l(n) if n < ao 

(2) q*{n) = inf{an — I,/?™} otherwise. 

Remark 3.20. This is the function referred to in remark 3.13. It is a consequence of 
the results which follow that if A/" is reflexive with £xt^ {J\f, 0) = and H} (N^) = 0, 
then there is an injection ©C'(— n)''-"^ M whose cokcrncl is the twisted ideal sheaf 
of a subscheme of pure codimension two. Further, for any other such injection 
ee'(-n)''(") ^ AT we have that r*{n) < q*{n) for aU n e Z. 

Proposition 3.21. Let N he a torsion free sheaf on P" with associated functions 
I, q, ao and ai as in the preceding definitions. 

(1) //A/" is dissocie, then gq = oo, q = I and q'^{oo) = rank{M). 

(2) If M is not dissocie, then g'^(ai) = q'^{oo) = rank{J\f) — 1, < q{n) < l{n) 
for each n e Z, ao < ai < oo, q{ao) < l{ao) and q{n) = for n> a\. 

Proof. See [10, IV, proposition 2.7]. 

Proposition 3.22. Let N he a torsion free sheaf on P" and suppose that N' = 
Af (BV where V is dissocie. Then q^i = q_\j- + l-p. 

Proof Sec [10, IV, proposition 2.9]. 

Theorem 3.23. Let N he a torsion free sheaf on P" with associated function 
Q = 1M- If an injection n)''^"^ ^ M has image maximal inM , thenr* < g*. 

Proof See [10, IV, theorem 3.1]. 

Theorem 3.24. Let N he a torsion free sheaf on P" with associated function 
q = qM and a : eO(-n)'("^ — »• M. Then eO(-n)'("^ has a direct factor of the form 

©C'(— ri)'''^"'' whose image under a is maximal inM. Conversely, if (BO{—n)'^^"^ 
Af is injective with maximal image, then there is a split injection r : ©0(— n)^^") 
©0(-n)'(") such that /3 = aoT. 

Proof. For the first part, see [10, IV, theorem 3.4]. The converse part is the second 
part of [10, IV, theorem 3.7]. 

Proposition 3.25. Let M he a torsion free sheaf on P" with associated function 

q = qjsf and let V he dissocie. is an injection with 

maximal image, then there is an automorphism v of (BO{—n)'^^"'^ (BV such that the 
diagram 

©0(-n)9(") ©P M®V 



V > V 

commutes, where the vertical arrows are the canonical projections. 

Proof. See [10, IV, proposition 3.9]. 
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Theorem 3.26. Let C be an even linkage class corresponding to the stable equiv- 
alence class [Mo] via N-type resolutions. Assume TVq ^ and let q = qj\j-g be the 
associated function. Then there exists Xq e. C having an N-type resolution of the 
form 

^ ©0(-n)«(") ^ AAo ^ Ix, (h) ^ 

and satisfying Xq < Y for each Y G C In particular, £ has the Lazarsfeld-Rao 
property. X'q is another such minimal element of C <s=^ X'q has a resolution of the 
same form ^^=^ Xq deforms to Xq with constant cohomology through subschemes 
in C. 

Proof. There exists an injective homomorphism r : ©C'(— n)^*^"-' Mq whose 
image is maximal in A/q by theorem 3.24. From proposition 3.21 we have that 
q'^(ai) = ranfc(A/o) — 1, so the cokernel of r has rank one. By maximality, this 
cokernel is torsion free, hence it is a twisted ideal sheaf of a subscheme in P" of 
pure codimension two by lemma 3.3 (after we twist the morphism until the degrees 
become equal, condition (2) of lemma 3.3 holds). Let this subscheme be Xq. 
Now let Y € C Then Y has an TV-type resolution of the form 

^ ©0(-n)''(") A A/'o © Q ^ Xy(fc) ^ 

with Q dissocie. Since lyik) is torsion free, the image of v is maximal in A/q © Q. 
It follows from theorem 3.23 that if qi is the function associated to A/q © Q, then 
we have r'^ < qf . On the other hand, if we add the trivial summand Q on to the 
resolution for Xq and apply proposition 3.22, the resolution for Xq corresponds to 
this function qi. In view of proposition 3.9 and remark 3.20, we see that Xq <Y. 

Finally, let Xq be another subscheme for C. If Xq has a resolution of the form 
that Xq does, then = h^ilxain)) for all n, z, and hence by lemma 3.6 

we see that Xq can be deformed to Xq with constant cohomology and even linkage 
class. If there exists such a deformation, then by definition of < we have that 
Xq <q Xq, hence Xq is also minimal for C. It remains to be shown that if Xq is 
minimal, then it has a resolution of the same form that Xq does. 

If we write an AT-type resolution for Xq as 

^ ®0(-n)''(") ^ ATo © Q ^ Jx^ (Z) ^ 

and add the trivial summand Q to the resolution for Xq, wc conclude that qf < r"^ 
by minimality of Xq and that r'^ < qf from theorem 3.23. It follows that qf = r^. 
Since these are both functions of finite support, we see that qi = r. Applying 
proposition 3.22, wc have that r = q + Iq. Now we apply proposition 3.25 to 
change the map so that the image in A^ © Q is the same, but in such a way that 
the summand Q can be split off. Splitting off Q, we get a resolution 

^ ©0(-n)«(") ^ ATo ^ Xx;^ ^ 0. 

This completes the proof. 

Remark 3.27. If Xq is minimal for C as in the above theorem, then there exists an 
exact sequence 

^ ©C'(-n)'?(") ^ A/" ^ Jxjh) 
Since q{n) = l{n) for n < oq and qiao) < l{ao) by proposition 3.21, we have that 
s{Xq) = min{n : h^{Xxo{n)) 7^ 0} = ao + /i. 
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Proposition 3.28. Let C he the even linkage class corresponding to the stable 
equivalence class [Afa] via M-type resolution, with Nq ^ 0. Let a : n)'*^") — > 

J\fo be the surjection of definition 3.16 and let So denote the kernel of a. Then Xq 
is minimal for C <s=^ Xq has an £-type resolution of the form 

O^So^ e0(-n)'(")-«(") ^ Ixoih) ^ 0. 

Proof. Theorem 3.26 gives an A/"- type resolution for tiie minimal subscheme Xq. By 
the second part of theorem 3.24 the corresponding map ©0(-n)«(") ■-^ Afo factors 
through (T as a direct factor of ©0(— n)''"'. It follows that we have a commutative 
diagram 

> ©e)(-n)«(") > ©£)(-«)'(") > ©e)(-n)'(")-«(") > 

. ©C(-n)«(") > Mo ^ Ixoih) ^ 

whose rows are exact sequences and the leftmost vertical map is an isomorphism. 

Since the middle map is surjcctivc with kernel £q, the same holds for the right- 
most map by the snake lemma, which gives the resolution. Because the induced 
map i?°(©0(— n)'^"^) H^{Xxoih)) is surjective, this also holds for the map 
^."(©©(-/O'f")-?^")) ^ H°{Ixo{h)) and hence the resolution is actually an £- 
type resolution. 

Conversely, if Xq has such a resolution, it is in the same even linkage class as 
some minimal subscheme Xq for C by theorem 2.11 and this resolution shows that 
Xq has the same cohomology as Xq. Applying lemma 3.6 we see that Xq can be 
deformed with constant cohomology and even linkage class to Xq, hence Xq is also 
minimal by theorem 3.26. 

Proposition 3.29. Let £q be the kernel of the map a : as in 

proposition 3.28. Let q be the function associated to A/'o and let q' be the function 
associated to £q . Then q and q' are related by the formula 

q{n) + q'{n) = l{n) - eo{n) - ei{n) 

where eo(ao) = 1; £o{n) = for 0, ei(ai) = 1, and ei(n) = for a\. 
Proof. See [10, IV, proposition 5.7]. 

Lemma 3.30. Let fi be homogeneous polynomials of nondecreasing degrees di < 
d2 < ■ ■ ■ < dr which cut out a subscheme inP" of codimension > 1. Then there exist 
homogeneous polynomials gi , of degrees di , dr which are polynomial combinations 

of the fi and have no common factor. 

Proof. Let / = {fi) iZ!2 be the homogeneous ideal generated hy f2, fs, . ■ . , fr- Factor 
/i = wpi where the pi are irreducible. Let \pi] C P/d^ denote the linear subspace 
corresponding to multiples of pi. Then [pi] is a proper subspace, as otherwise the fi 
would cut out a subscheme containing Z{pi), which has codimension one. It follows 
that U[pi] is also a proper subspace, and hence there exists x G P/^^ which avoids 
it. This X gives rise to a homogeneous polynomial Qr of degree dr which has no 
common factor with gi = fi. 
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Theorem 3.31. Let C he an even linkage class corresponding to the stable equiva- 
lence class [TVo] via JV -type resolution, with Mo 9^ 0. LetXo be a minimal subscheme 
for L having J\f-type resolution 

^ ©0(-n)9(") A/"o ^ Ixo{h) ^ 0. 

Then there exist hypersurfaces of degrees oq + h, and 0,1 + h, inh/ich contain Xq and 
link Xq to a subscheme Yq which is minimal for its even linkage class. 

Proof. By definition of ai, the morphism is surjective on an open set which 
contains the generic points of each integral divisor in P". It follows that this is also 
true for the induced map ©,i<aiC(— J^)'^"-'^'''"'' Ixni^')- Since the minimal value 
of n making l{n) — q{n) 7^ is n = ao, it follows that this yields hypersurfaces of 
degrees varying from + h to ai + h which cut out a subscheme of codimension 
> 1. Applying the previous lemma, we find that there arc hypersurfaces of degrees 
ao + /i and a\-\- h which meet properly, and hence link Xq to another subscheme 

Applying proposition 1.8 we obtain a resolution for Yq of the form 

^ ©0(n)'(")-«(") ^ £^ e O(-ao) ® O(-ai) ^ Xyjao + ai + /i) ^ 

Proposition 3.29 shows that ii M = £^ ® C(-ao) © O(-ai), then qM{n) = K''^) - 
q(n) for each n e Z. It follows from this resolution and theorem 3.26 that Yq is 
minimal for its even linkage class. 
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